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Lecture 35 - Calculus of Variations
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used to solve and characterize ODEs

Isat about a particle moving in outer space,
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How does it "pick" its path
?
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Principal of Least action : nature chooses
the laziest path.
-

↑
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"Laziest"= minimize a suitably chosen function

I : [ paths in space)-> R
↑

this :s a function

space

This is an optimization problem !
this is the hard

Once we have a good description ofI
part.

we can look for optime by looking for This isn't
too bat.
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=0 for every direction

(just like &I = -)
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check to see it
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will use physical insights and perturbative analysis
to decide what the station any point is.



Let's think about this function I and this

spall ef functions . For simplicity ,
start with

no other planets (no gravitational fill.

we expect : particles more
in straight lines (Thanks

,
Newton.
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Landscape of paths:
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we can think of starting from a fixed path (
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and perturbing it by another path 4 : [t .tr]
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· Now
,

for "Laziest" Let's choose the I -
,
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which measures the length of the trajectory Wito
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· Now
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for the perturbation
Finite die setting: space of functions:
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Let's compute :

· :S'l=

D
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Force this
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This must hold for evey perturbation l .

↳wag. to ,1 t,R has

8 = S'h .gdt
for every 4 : [0 ,+ R3 , n(s)
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then
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Peters+0 , say

t
=> 1, 9 . 26 + 0 .

pick &

contradicts our assumption!
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Eti) = o

-constant

E= ,
at G(0) = p,

U(l) =pa

in other words
,
the velocity I has fixed direction :

j = c Kill

find Facular

vector

Pl
Dmust be pointing *

P

So : this particle moves in a straight line !

we just verified that the geodesics-shortest paths - in R
are straight lines . space-time continue

Sphere & core : D -


